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ABSTRACT

Diffusion models train one network across all noise levels, although their train-
ing objective is pointwise in the noise level. If training on each pair of adjacent
levels were an independent problem, separate networks with the same total pa-
rameter count would be expected to match one shared network. But in practice,
on images, sharing weights across levels gives better results, which hints at an
implicit dependence on their order. An order fixes both which levels are adjacent
and the direction in which they run. In this paper, we show that, of the two, the
benefit of sharing rests on adjacency in the noise-level embedding. The fitting er-
ror of a shared network is bounded below by the distances between neighbouring
posterior means, minus the change the network can make between neighbouring
embeddings. We first distinguish adjacency from direction: on a Gaussian mix-
ture and CIFAR-10, reversing the embeddings keeps every neighbour and leaves
the fitting error unchanged, whereas shuffling them raises it. Second, we rule out
sharing between distant levels as the source of the benefit: separate networks on
contiguous ranges match the shared network at its width, and with the parameters
fixed, breaking adjacency at the same places costs less than 40% of a full shuffle.
Dividing the levels at equal shares of these distances lowers the error of all but the
smallest networks. We therefore show that the order of the noise levels enters a
diffusion model through adjacency, with its direction being a design choice. Our
code is available at https://github.com/TSUITUENY UE/Noise-Level-Adjacency-
in-Diffusion-Training.

1 INTRODUCTION

Diffusion models were introduced through a physical process: a Markov chain from non-equilibrium
thermodynamics destroys the data (Sohl-Dickstein et al., 2015). Later work showed that much of
this description is a design choice (Song et al.| [2021a; Karras et al., 2022} |[Lipman et al., [2023).
However, across these formulations one network is trained at every noise level, and work that reads
the levels as tasks of one network measures how they transfer to and conflict with one another (Go
et al.| 2023; Hang et al.,[2023). We ask whether the order of the noise levels is also a design choice.

Each term of the training objective is evaluated at one noise level on samples drawn from the closed-
form marginal (Ho et al.| [2020). The objective therefore separates across the levels and does not
change under any relabelling of them (Theorem [I)). [Song et al| (2021a)) used this separability to
show that, when parameters are not shared across noise levels, the optimum does not depend on how
the levels are weighted. The model learns one pointwise quantity at each noise level, and the order of
the levels is fixed by hand in the sampler that composes them. Objectives that compare predictions
at two noise levels, such as progressive distillation and consistency models, write an order into the
objective itself (Salimans & Ho, 2022; |[Song et al., 2023} |[Kim et al., 2024), and Theoremmarks
where they depart from it (Appendix [A]).

However, training does not treat each pair of noise levels as an independent problem. If it did,
separate networks with the same parameters in total would match one shared network; on image
generation, the shared network fits better (Section [3). Sharing must therefore use a relation among
the noise levels that the data carry and the objective does not couple, and it can reach that relation
only through the parameters those noise levels share.

The answer matters for two choices that diffusion models currently make by hand. A network reads
the noise level through an embedding chosen by convention, usually sinusoidal features of the level,
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Figure 1: Where the order enters. (a) Closed-form distances between posterior means of the Gaus-
sian mixture on the pooled inputs of every level, from noisiest at bottom left to clean at top right
(light: near; dark: far). (b) Distances between posterior means at consecutive embeddings under or-
dered, reversed and shuffled assignments, on the same scale. (c) Error by noise level for a width-256
network under those assignments, averaged over 5 seeds.

and recent work asks whether it needs the level at all (Sun et al.l 2025). Some models divide the
noise levels among expert networks at boundaries fixed by hand (Balaji et al., 2022} Podell et al.,
2024} |Lee et al., 2024). Knowing what sharing uses tells, from the data alone, what an embedding
must preserve and which levels a network can hold together.

In this paper we show that this relation is adjacency. An order fixes both which levels are adjacent
and the direction in which they run, and the benefit of sharing rests on which levels are neighbours
in the noise-level embedding, with almost no dependence on their direction. A shared network tells
the levels apart through the embedding (Figure [I)), and its fitting error is bounded below by the
distances between neighbouring posterior means, minus the change the network can make between
their embeddings (Lemmal([T); the family of marginals fixes these distances before any training.

We first verify the claim against its direct competitor, the direction of the levels from noisy to clean.
Relabelling the embeddings leaves the objective unchanged (Corollary|[I), and a change in the fitting
error can come only from the network. On a Gaussian mixture and CIFAR-10, reversing them
flips the direction and keeps every neighbour while leaving the fitting error unchanged, whereas
shuffling them disrupts the neighbourhoods and raises it. On the mixture and on CIFAR-10, the
error broadly grows with the shuffle window (Section @). Embeddings learned with no imposed
order place neighbouring levels near one another (Figure|[53).

Second, we rule out sharing between distant levels, which the first test leaves in place, as the source
of the benefit. Dividing the levels into contiguous ranges removes all sharing between the ranges and
keeps the neighbours within them, and separate networks that keep the shared network’s width fit as
well as it (Section [3). With the parameters held fixed, moving whole blocks of embeddings, which
breaks adjacency at only as many places as such a division, costs less than 40% of a full shuffle
(Section [3). We therefore show that the order of the noise levels enters a diffusion model through
adjacency, whose cost the data fix before any training, with its direction being a design choice.

Related work is discussed in Appendix [A]

2 OBIJECTIVE AND NOISE-LEVEL EMBEDDING

Since the training objective contains no order of the noise levels, an order can enter a shared network
only through its noise-level embedding and through what the noisy input reveals about its level. Let
Ty ~ Ddata b€ a clean sample. For noise variances a > b, the Gaussian forward process draws a pair
yp = o+ Vbe and y, = y» + Va — be’, where e, &’ ~ N(0, I) are independent of each other and
of 2g. On a grid of noise variances ag > -+ > ap, write yx, = yq, and Zx(y) = Elzg | Y4, = y)-
The law of ;41 given yj, depends on the data only through the posterior at level & (Lemma|2), and
drawing fresh noise gives the DDPM step (Ho et al., [2020)

PWrst | i) = N(ryw + (L —7) &k (ye), 7d), Tk = apy1(ax — agy1)/ak, (L

with » = ag41/ag. To fit &, training draws a clean sample and noise at level ay, and the transition
likelihood reduces to a regression loss on the adjacent pair (Proposition [I)).
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The full objective averages these local losses over noise levels. Since each term fits a prediction at
one level, the unrestricted minimisers can be chosen independently. We define order invariance as
the property that the objective is unchanged by any change of noise-level labels that preserves their
training distributions and local losses (Figure[7). Write £}, for the expected loss at level k.

Theorem 1 (Order invariance). Let K be the set of noise levels, let T be a distribution on K, and
for each k € K let {}, be a loss that depends only on pairs drawn at noise level k. The population
objective over functions f : X x K — Y, L(f) = Epr By o) [ e (f(yr, k); T0,€) ], is a function
of the unordered family {(k,x)}kex. Its minimisers are the functions whose section at w-almost
every noise level minimises Ly, the same for every m with the same null sets. On a finite K every m
of full support has no null set, and the minimisers are the product set [ [, . ; arg min L.

Denoising score matching (Vincent, 2011), e-prediction (Ho et al.l 2020), v-prediction (Salimans
& Ho, 2022)), flow matching (Lipman et al.l [2023) and the continuous-time objective (Song et al.,
2021b)) all satisfy this hypothesis. The local loss ¢, retains the noise variance at level k.

Theorem [I] concerns functions assigned to individual noise levels. In a shared network fy, training
on pairs drawn at level k also changes the prediction at level j through parameters shared by the
two levels. By Theorem [l the objective contains no order of the noise levels, so an order can
enter a trained model only through its parameters. Apart from the noisy input and its o-dependent
scaling, the network distinguishes noise levels through a noise-level embedding ci. In the models
below, ¢ holds sinusoidal features of log oy, at a fixed set of frequencies, so adjacent levels receive
nearby embeddings. The embedding determines which noise levels are neighbours in the network
(Figure[Tp). We test this by changing the embedding assigned to each noise level while keeping the
training pairs and their true noise levels fixed. The objective therefore stays the same (Corollary [T).
Corollary 1 (Relabelling). Let s be a bijection of the noise levels, and let a model read noise level
k through the noise-level embedding cy) in place of cy. As a function of what the model assigns to
each noise level, the objective of Theorem|[I|and its set of minimisers are unchanged. A model class
that can assign any function to any embedding reaches the same minimum under every s.

We test these claims on an equally weighted mixture of 64 Gaussians in 64 dimensions, and on
CIFAR-10 and ImageNet-256. The mixture’s covariance spectrum is based on CIFAR-10 (Ap-
pendix [C). Its posterior means are available in closed form, so we measure excess error as the
squared distance between the fitted function and the known posterior mean. For the mixture of
Gaussian experiments, each network is a multilayer perceptron trained on fresh forward-process
pairs. For images, we measure the FID of the composed models.

3 SHARING WEIGHTS ACROSS NOISE LEVELS

By Theorem [T} separate networks with the same parameters would match one shared network if the
noise levels were independent problems. We measure the gap between them, and how it changes
with the width and the number of the networks, to find where the benefit of sharing comes from.
A division removes every parameter the ranges share and keeps the neighbouring levels inside each
range together. The training objective then becomes a sum of one loss per network, with each
network minimising its own loss (Lemma[d). Because each transition ends at the marginal where
the next one begins, the transition laws still compose into one sampler (Lemma [3). We further
demonstrate in Appendix [E] that any one network can be retrained or replaced while the others are
kept. If the benefit came from the sharing that a division removes, the gap would grow with the
number of networks and sit at their boundaries. If the useful sharing is between neighbouring levels,
which a division keeps together, separate networks as wide as the shared one would fit as well as
it, and the gap would follow the width each network gives up. Separate networks and their single-
network baseline receive the same number of training steps.

Separate networks as wide as the shared one match or improve on it. On the mixture, both 4 and 16
separate networks achieve lower error than one network of the same width, because each network
covers a narrower range of noise levels (Figure Zh). On CIFAR-10, the composed model matches
the single-network baseline at every tested width, and the result also holds on ImageNet-256 with
separate SiT-S/2 networks (Table[I). Where the image models differ, the composed model is better.

At a fixed total parameter count, each separate network is narrower. On the mixture, dividing the
transitions into contiguous ranges increases error for small networks and reduces it for large ones,
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Table 1: FID (Heusel et al.,2017) on 50k samples for K separate networks on contiguous ranges, or
every 4th transition in the marked column, with equal training weight. Rows fix the total parameter
count; cells give each network’s width and the actual count if it exceeds the target by over 2%.
Dashes denote untrained models. CIFAR-10 (Krizhevskyl [2009) uses one evaluator; ImageNet-256
(Deng et al., [2009) uses SiT (Ma et al., 2024) and the ADM evaluator (Dhariwal & Nichol, 2021).

Total K=1 K =4 K =4, every 4th K =16
0.875M  19.82(wl6) 30.71 (w8, 0.89M) - 57.30 (w4, 0.92M)
3.5M 9.45 (w32) 14.53 (w16) - 30.91 (w8, 3.57M)
14M 4.68 (wb4) 7.11 (w32) 9.59 (w32) 15.08 (w16)
56M 3.64 (w128) 4.65 (w64) 4.97 (w64) 7.81 (w32)
ImageNet-256
33M 66.39 (S/2) 83.56 (XS/2) - -
132M 39.92 (B/2) 50.00 (S/2) - 80.88 (XS/2)
= single network === 4 separate networks === 16 separate networks == == every K-th transition
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Figure 2: Fitting with separate networks on the mixture experiments. Error is squared distance to
the exact posterior mean in the preconditioned space, averaged over transitions. (a) Error versus the
width of each network. (b) Error at the total parameter count of one network of the width on the
horizontal axis. Solid lines: contiguous ranges; dashed lines: every K -th transition. (c) Error of 4 or
16 separate networks divided by one network’s error, all at width 256, calculated per transition and
averaged over ranges by position within the range. Means over 3 seeds.

for 4 and for 16 networks (Figure[2b, Table[6)). On CIFAR-10, the FID cost of dividing the transitions
at a fixed total parameter count comes from the smaller width of each network. The gap between K
separate networks and one network roughly halves for every 4-fold increase in the total parameter
count (Figure [3p), and the FID of the separate networks follows the width of each network and
depends little on whether they number 4 or 16 (Table[T} Appendix [G).

The gap does not come from the boundaries between networks. Beside a boundary, the loss moves
by about 1% in either direction, the interior of each range fits better than one network of the same
width, and the boundary effect does not grow with the number of networks (Table 2} Appendix [G).

These results suggest that the gap comes from width, and a shared network can use its full width
at every level because the targets of the levels are related. Every noisy marginal is the data density
smoothed by a Gaussian, and smoothing the cleaner of two marginals by the difference in noise vari-
ance gives the noisier one, so all the posterior means {Z} are determined by one data distribution.
This relation holds between any two levels, but a finite network can use it only between levels whose
embeddings are adjacent and whose posterior means lie close together (LemmalI)), where a feature
that helps fit one level also helps fit its neighbours. A separate network uses its features only on its
own range and has fewer of them at a fixed total parameter count.
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Figure 3: (a) FID on a logarithmic colour scale. Columns increase the width of each network;
rows increase the number of separate networks. One column right or one row down multiplies total
parameters by 4. Hatched cells are unmeasured. (b) FID of K separate networks minus that of one
network at matched total parameters, plotted against that count on log axes.

Table 2: CIFAR-10, held-out denoising loss for K separate networks of one width and one network
of that width, after 60k training steps. We evaluate the loss with its training weight on 10k held-
out pairs per transition with fixed noise, averaging separately over transitions beside a boundary
between networks and the remaining transitions. The last column gives the percentage change from
the single-network loss to the K -network loss.

Networks transitions count 1 network K separate networks change
4 of width 64 beside a boundary 6 0.1323 0.1334 +0.8%
the rest 122 0.4724 0.4593 —2.8%
16 of width 32 beside a boundary 30 0.1603 0.1583 —-1.3%
the rest 98 0.5568 0.5313 —4.6%

4 ADJACENCY IN THE NOISE-LEVEL EMBEDDING

A shared network organises this sharing through its noise-level embedding. The embedding fixes
both the adjacency of the levels and their direction. A lower bound on the fitting error predicts that
only adjacency matters, and reversed, shuffled and learned embeddings test the prediction.

4.1 THE EMBEDDING CONFLICT BOUND

We first bound the fitting error of a finite network from below, for any assignment of noise levels to
embeddings. The bound is positive when the posterior means at adjacent embeddings differ more
than the network’s predictions can.

Lemma 1 (Embedding conflict). Let the noise-level embeddings c1, . .., cp lie on a line, consecutive
embeddings & apart, and let noise level s(i) be read through c;. Let Fy, denote the posterior mean
of noise level k in the model’s output space, and let f be (-Lipschitz in its embedding in L? (1) for
an input distribution p. With d; = ||Fsiy1) — Fsi)llz2(n) and e = || (-, es—1x)) — Frllz2(n),

e _1 dféé
doek = 42
k i=1

When embeddings follow the noise-level order, d; is the distance between the posterior means of
neighbouring levels, and refining the noise grid shrinks it together with the embedding spacing 9.
If this distance is no greater than the Lipschitz bound on the network’s change between adjacent
embeddings, the lower bound is zero. Shuffling can instead assign distant noise levels to adjacent
embeddings, so the posterior means stay apart as a finer grid moves the embeddings closer together.
Once /6 falls below these d;, this separation gives a positive lower bound on error.
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Table 3: CIFAR-10, held-out denoising loss averaged over the 128 transitions, 10k pairs per transi-
tion with fixed noise, for one network trained for 60k steps. Left: width 32 under each noise-level
embedding (continuous in o, or one value per transition in noise-level order, reversed, learned, shuf-
fled within windows of 2, 8 or 32 transitions, or fully shuffled); a second training with another seed
in parentheses. The variation ) _, d? from the training set’s exact class-conditional posterior means
is 1,187 for the ordered embedding, 3,296, 14,286 and 156,669 for windows of 2, 8 and 32, and
345,087 for the full shuffle. Right: ordered and shuffled embeddings at 3 widths, and the shuffle’s
rise.

Embedding width 32 Embedding width 32 Width ordered shuffled rise
continuous 0.4643 window 2 0.4641 32 0.4640 0.4761 2.6%
ordered 0.4640 (0.4642) window 8 0.4673 64 0.4569 0.4685 2.5%
reversed 0.4633 (0.4638) window 32 0.4732 128 0.4493 (0.4491) 0.4607 2.5%
learned 0.4654 shuffled 0.4761

4.2 REVERSAL AND SHUFFLE

Reversal and shuffle separate adjacency from direction. Reversing the embeddings changes their
direction and keeps neighbouring noise levels together, whereas shuffling changes both. If direction
mattered to fitting, reversal should raise the error as a shuffle does. The lower bound in Lemma E]
is a sum over the pairs of neighbouring embeddings and depends on the assignment only through
their distances d;. Reversal keeps every pair and only reverses their order, which leaves the sum
unchanged. With sinusoidal features, reversing an affine code is a fixed orthogonal map of the
features that the first linear layer can absorb, so a reversed network can represent every function an
ordered one can. We test whether fitted errors follow the same pattern and grow with the shuffle
window, the number of consecutive levels among which the embeddings are shuffled. We also test
whether the shuffle penalty persists as the network widens. An embedding learned for each noise
level imposes no order and should match the ordered one if training places the embeddings of levels
with similar posterior means near one another. Without an embedding, the network must read the
noise level from the noisy state (Sun et al., 2025)).

In the Gaussian mixture experiments, the reversed embeddings fit the noise levels about as well as
the ordered ones, and a full shuffle raises the error at every level (Figure[Ik).

On CIFAR-10, we train one network of width 32 under each assignment of Table [3| FID varies as
much between two trainings of one embedding as between any two embeddings (Table [§), so we
compare the embeddings on the held-out denoising loss (Table [3). Reversing the embedding leaves
the mean loss almost unchanged, and the learned and the continuous embeddings nearly match the
ordered one. Shuffling raises the loss by a few per cent, far above the difference between two
trainings. The distances d; of Lemma [I] grow under the shuffle and keep their values under reversal,
and the measured loss follows both. The rise is the same at widths 64 and 128. Most of it sits at the
noisy end, where the noisy input carries least information about its noise level (Appendix [H).

4.3 SHUFFLE WINDOWS

A full shuffle breaks every neighbour at once. Shuffling within windows of increasing size breaks
adjacency by degrees, and the bound predicts that the error grows with the variation of the posterior
means along the embeddings. At widths 256 and 512 the error broadly grows with the shuffle
window and follows this variation, 27 d?, which we compute in closed form (Figure ). A full
shuffle raises the error by about 40% at widths 256 and 512. At width 1024 the rise varies by a factor
of several across the 5 seeds, the partial shuffles scatter on both sides of the ordered embedding, and
the reversed one fits a little better than the ordered one. On a grid of 32 transitions the embeddings
lie 4 times further apart, so £ covers more of each distance, and a shuffle adds less error, slightly
less at width 512 and far less at width 1024 (Figure ).

On CIFAR-10 the held-out loss of a network of width 32 also grows with the shuffle window, in the
order of the variation ), d? from the training set’s exact posterior means (Table . A window of 2
leaves the loss unchanged, and a window of 32 raises it by most of the full shuffle’s rise.
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Figure 4: Noise-level embedding comparison on the mixture experiments: one network of the listed
width fits 128 transitions. (a) Mean excess error per transition versus shuffle-window size (1: or-
dered; 128: full shuffle). Open circles: reversed order; dashes: learned embedding per transition;
crosses: no embedding. (b) Error versus variation of the posterior means along the order of the
embeddings, >, d?. (c) Error increase from full shuffling over ordered embeddings on 32 (light)
and 128 (dark) transitions. Means over 5 seeds.
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Figure 5: Learned noise-level embeddings. (a) Distances between the learned vectors of the 128
transitions of one mixture network of width 512, from the noisiest level at the bottom left. (b) The
same for one CIFAR-10 network of width 32. Each panel is on its own scale, clipped at the 2nd and
98th percentiles of its distances (light: near; dark: far). (c) The share of levels whose nearest learned
vectors include an adjacent level, against the number of nearest vectors: the mixture at widths 256,
512 and 1024 (lighter to darker, means over 5 seeds), CIFAR-10, and random vectors.

4.4 LEARNED EMBEDDINGS

The embeddings so far fix the order of the levels by hand. A learned embedding leaves the order
to training and tests whether training finds adjacency on its own. The learned embedding nearly
matches the ordered one at widths 256 and 512 and on CIFAR-10 (Table [3), and has lower error at
width 1024. A network with no embedding has several times the error.

On the mixture, neighbouring noise levels tend to have nearby learned vectors. At every width, most
levels have an adjacent level among their nearest vectors, far more often than with random vectors
(Figure 5). On CIFAR-10, the learned vectors preserve neighbourhoods of noise levels but leave
their order within each neighbourhood loose.

5 DIVIDING THE NOISE LEVELS AMONG NETWORKS

Within one network, the fitting error depends on which levels are neighbours in the embedding. A
division of the noise levels among separate networks decides which levels share parameters at all,
and adjacency predicts which divisions fit well. Networks that hold contiguous ranges should fit
better than networks that hold interleaved levels. Breaking adjacency only at the K — 1 boundaries
of a division into K ranges removes K — 1 terms from the bound of Lemma|[I]and should cost far
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Table 4: Four separate networks on contiguous ranges, with the widths and training of the four-
network models of Figure [2b and Table [T} only the boundaries move. The equal split gives the
mixture’s networks 32 transitions each and CIFAR-10’s equal shares of EDM’s training distribution
(58, 10, 10 and 50 transitions). The other rows place the boundaries at 25%, 50% and 75% of the
summed movement of the exact posterior mean, computed on the same or on the other data set.
Mixture: mean excess error per transition, X100, over 3 seeds, at the total parameter count of one
network of width 256, 512 or 1024. CIFAR-10, 14M: held-out denoising loss averaged over the 128
transitions, 10k pairs per transition with fixed noise.

Mixture CIFAR-10, 14M
Boundaries 256 512 1024 loss
equal split 2.075 0.503 0.224 0.4530
own posterior mean 2.114  0.298 0.117 0.4414
other data set’s posterior mean  2.398  0.333  0.124 0.4539
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Figure 6: CIFAR-10, loss change for 4 separate networks relative to one network of the same width,
from noisiest to cleanest transition: separate networks’ loss minus single-network loss, divided by
single-network loss, in percent. Separate networks hold contiguous ranges; vertical lines mark their
boundaries. (a) 14M, width 32; grey shows 4 separate networks holding every 4th transition. (b)
56M, width 64. Loss uses training weights and 10k held-out pairs per transition with fixed noise.

less than a shuffle, which makes every term large. The boundaries themselves can be set from the
distances between neighbouring posterior means before training.

At a fixed total parameter count on the mixture, separate networks that each hold every K-th tran-
sition have several times the error of networks on contiguous ranges (Table [6)), although at a fixed
width they match or improve on a single network (Figure 2h). A network that holds neighbouring
levels fits a narrow part of the family of marginals, and an interleaved one must span all of it.

CIFAR-10 shows the same cost of interleaving. A network that holds every 4th transition shares its
parameters among levels that are not neighbours and must span the full range of noise levels, as a
single network does. Its denoising loss is within 0.5% of that of one network of the same width at
every transition (Figure [6p), and the composed model’s FID is higher than with contiguous ranges,
by a little at 56M and by more at 14M. At the same width, its FID is close to that of a single network
(Table |1} the column of every 4th transition).

For each data set, the highest relative loss in every range occurs at the end closest to the same
transition. On the mixture experiments, this place is the peak of the single network’s error, near
transition 35 (Figure[Ik), and the 3 ranges on its clean side have their highest relative error at the
noisy end (Figure [Zc). At the start of the third of 4 ranges, the error is several times the single
network’s, and this is the only boundary with higher error than the single-network baseline. On
CIFAR-10, the place is the start of the last range: loss increases toward the clean end of the first 3
ranges and peaks at the noisy end of the last (Figure [6).

The placement of the boundaries therefore matters, and the family of marginals can set it before
training. For each transition, we measure how far the exact posterior mean moves between its two
noise levels (Appendix D)), and we divide the grid into 4 contiguous ranges that each hold 25% of the
summed movement, keeping every network’s width and training. On the mixture, these boundaries
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Table 5: Mixture, one network over 128 transitions: mean excess error per transition, x 100, over 5
seeds, with the embeddings in order, with 4 or 16 contiguous blocks moved and each block’s order
kept (3 or 15 pairs of neighbours separated), or fully shuffled (127 pairs). The ratios divide the
rise per transition where neighbours changed by the rise elsewhere; a dash marks a negative rise
elsewhere.

Width  ordered 4 blocks 16 blocks full shuffle 4 blocks, ratio 16 blocks, ratio

256 1.72 1.77 1.96 2.35 9.5 2.8
512 0.56 0.59 0.64 0.80 9.5 3.0
1024 0.37 0.43 0.34 0.69 6.8 -

Table 6: Excess error per transition on the mixture experiments, x 100, averaged over 3 seeds. Rows
fix the total parameter count by one network’s width, which the K separate networks share (Ap-
pendix [C); they hold contiguous ranges unless marked every 4th or 16th transition. The noise-level
embedding is sinusoidal, learned (16 trained parameters per transition) or a fixed random vector.

Width of 1 network  embedding 1 4 4, every 4th 16 16, every 16th

256 sinusoidal 1.71  2.08 6.12 8.24 16.83
learned 1.71  2.07 5.54 7.94 16.68
random 207 223 6.84 7.94 16.73
512 sinusoidal ~ 0.54  0.50 1.93 1.87 6.43
learned 0.55 0.50 1.85 1.78 5.85
random 0.72 0.57 2.35 1.87 6.58

lower the error by 40% to 50% at the two larger parameter counts and raise it slightly at the smallest
(Table ). On CIFAR-10 at 14M, the boundaries from the training set’s exact posterior mean lower
the held-out loss by a few per cent, almost all of it in the cleanest range. Applying each data set’s
boundaries to the other gives asymmetric results. On the mixture, CIFAR-10’s boundaries also
lower the error at the two larger parameter counts, but less than the mixture’s own. On CIFAR-10,
the mixture’s boundaries leave the held-out loss almost unchanged.

Reordering whole blocks within one network changes only the pairs of neighbouring levels at the
boundaries between blocks, which are the pairs a division into as many ranges separates (Table [5).
At widths 256 and 512, 4 moved blocks raise the error by about 10% of the full shuffle’s rise and 16
by about 33%. Per transition, the rise where neighbours changed is several times the rise elsewhere.
A division, which separates the same pairs, lowers the error at a fixed width (Section .

Dividing transitions among separate networks should reduce the penalty for unordered embeddings,
since each network shares parameters across fewer levels. On the mixture networks, we replace
sinusoidal embeddings with learned or fixed random vectors (Table [6). Learned vectors match si-
nusoidal embeddings on one network and fit up to 10% better once the levels are divided. With
one network, random vectors raise error by about 20% at width 256 and 33% at width 512; with 16
networks they lie within a few per cent of sinusoidal embeddings.

6 CONCLUSION

The training objective of a diffusion model is pointwise in the noise level, yet on images one network
shared across the levels outperforms separate networks with the same total number of parameters.
The benefit of sharing rests on adjacency in the noise-level embedding, since a lower bound on the
fitting error of a shared network grows with the distances between the posterior means of neighbour-
ing levels. Reversing the embeddings keeps these distances and the fitting error, whereas shuffling
them raises both. Separate networks that keep neighbouring levels together fit as well as one network
of their width, and within one network, breaking adjacency only at the boundaries of such a division
costs less than 40% of a full shuffle. The bound predicts which embeddings fit worse but not by how
much; our image experiments use small backbones without guidance; and we test only first-order
samplers. The order of the noise levels therefore enters a diffusion model through adjacency, with
its direction being a design choice.
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A RELATED WORK

A.1 FROM A PHYSICAL PROCESS TO A FAMILY OF MARGINALS

Diffusion models began as a physical process. Using a Markov chain motivated by non-equilibrium
thermodynamics, |Sohl-Dickstein et al.| (2015 gradually corrupted the data and learned a reverse
chain that restored it. Song & Ermon| (2019)) estimated the score of the data at a sequence of noise
levels and sampled with annealed Langevin dynamics. In|Ho et al.[|(2020)), each training step draws
one noise level and one noisy sample from the closed-form marginal at that level, without running
the forward chain. |Song et al.| (2021b)) then joined both models in a stochastic differential equation
in continuous time, reversed by a second such equation or by a probability-flow ordinary differential
equation. This step strengthened the physical description, and the common view of a diffusion model
as one continuous function of the noise level comes from it.

Later work changed the forward process, the noise schedule, and the path between data and noise.
Song et al.|(2021a) observed that the objective depends on the forward process only through its
marginals, and a model trained with the DDPM objective serves a family of non-Markovian pro-
cesses with the same marginals. [Kingma et al.|(2021) showed that in continuous time the variational
bound depends on the noise schedule only through the signal-to-noise ratio at its two ends, which
leaves the schedule between them free. Karras et al.| (2022) expressed every formulation through
the noise level o, with the time variable as one parameterisation of it, and chose the distribution of
noise levels in training separately from the steps taken at sampling. The noise need not be Gaussian:
deterministic degradations such as blurring and masking train generators of the same form (Bansal
et al., [2023), and electrostatics can replace the physics of diffusion (Xu et al., 2022)). Flow match-
ing, rectified flow and stochastic interpolants need no stochastic differential equation. They keep a
path of marginals and regress the velocity that transports samples along it (Lipman et al.| [2023; [Liu
et al.| 2023} |Albergo et al.||2025). The coupling between data and noise along the path is also free,
and minibatch optimal-transport couplings straighten the paths (Tong et al., [2024; [Pooladian et al.,
2023)). Generator Matching extends the construction to any Markov process through its generator
(Holderrieth et al.| 2025). All of these formulations keep one network for all noise levels.

A second line of work reads the noise levels as separate tasks and keeps the shared network. |Hang
et al.|(2023) describe diffusion training as multi-task learning whose tasks conflict, and reweight the
loss by the signal-to-noise ratio. |Go et al.| (2023) measure negative transfer between noise levels,
find that the affinity between two levels is highest for neighbours and falls with their distance, and
group the levels into intervals; [Park et al.| (2024) give each noise level its own subset of channels
and share more channels between adjacent levels. We show that the benefit of sharing rests on this
adjacency while the direction of the levels is a design choice, bound the fitting error by it, and test it
by reversing, shuffling and dividing the levels. |Sun et al.|(2025) remove the noise-level input and let
the network infer the noise level from the noisy state, and the one network still covers every noise
level. Unlike these methods, we compare one shared network with separately trained networks at a
matched width and at a matched total parameter count, and assign each network either neighbouring
or interleaved levels. These controls separate the effect of network width from that of level grouping
(Sections 3] and 3)).

A.2 THE OBJECT FITTED AT ONE NOISE LEVEL

Tweedie’s formula gives the posterior mean of the clean sample in terms of the score of the noisy
marginal (Robbins} 1956; Efron, |2011)). Differentiating this mean with respect to the noisy state and
multiplying by the noise variance gives the posterior covariance. Song et al.|(2021a) observed that
the objective depends on the forward process only through its marginal at each noise level, leaving
both the coupling between consecutive levels and the levels visited at sampling free to be chosen.
They also noted that, when the parameters are not shared across noise levels, the optimum does not
depend on the loss weights, since each term is optimised on its own, as|Song & Ermon| (2019) had
noted for their conical combination of per-level objectives. They used this separability to justify the
unweighted DDPM loss as a surrogate and to show that their non-Markovian objectives share its
optimum. We use the same separability to establish invariance to relabelling (Theorem [I)) and then
test how parameter sharing affects the fitting error (Sections [3]and [4).
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Existing samplers also choose the order of noise levels after training. The stochastic sampler of
Karras et al.| (2022) and Restart sampling (Xu et al.l [2023) return to noisier levels during a run.
DDIM uses a single network across all noise levels, connecting their predictions through shared
parameters (Section [Z). We remove that connection between groups of levels and measure its effect
on fitting error and sample quality.

A.3 ONE PARAMETER SET ACROSS THE NOISE LEVELS

Fast samplers change the numerical solver (Song et al.| [2021a; [Lu et al., 2022). Another line of
work models large transitions with richer families of finite laws (Xiao et al. [2022; [Shaul et al.,
2023)), and discrete-state diffusion replaces the Gaussian with masking or other discrete corruptions
(Sahoo et al.| [2024; [Lou et al., 2024). We fit groups of transition laws with separate networks and
compose them at sampling.

A.4 OBJECTIVES THAT COUPLE THE NOISE LEVELS

Distillation and consistency training couple several levels. Progressive distillation trains a student to
match two teacher steps with one (Salimans & Ho| [2022). Consistency models require a network’s
outputs at different points along a trajectory of the probability-flow ODE to match one another
(Song et al., 2023). Consistency trajectory models learn maps between any two levels on that tra-
jectory (Kim et al., [2024). These objectives add terms involving two or more noise levels (M in
Appendix [B)) and therefore put into the objective an order that their starting diffusion objective does
not contain.

A.5 DIVISIONS THAT KEEP THE NOISE LEVEL WHOLE

Parallel training distributes the data, parameters or optimiser states across machines (Shoeybi et al.,
2019; Huang et al., 2019; |Rajbhandari et al., 2020), synchronising every training step and retaining
shared parameters across noise levels. Other methods weight or group noise levels to reduce inter-
ference through shared parameters (Hang et al.| 2023} |Go et al.| 2023 [Park et al., 2024). We remove
parameter sharing between groups of noise levels.

Expert denoisers assign different intervals of the noise schedule to different networks (Balaji et al.,
2022). These experts branch from a shared backbone after joint training. [Lee et al.| (2024) assign
networks with different architectures to disjoint intervals and train each network on its own interval
with a set probability and on the whole process otherwise. In their control without this mixing,
the experts train independently from initialisation on their own intervals and yield an FID 0.7 to
0.8 points higher on FFHQ. This control uses our construction, and we examine what it reveals
about the object that training fits. In our experiments, the cost of independent training comes from
each network’s smaller width: it shrinks as the total parameter count grows, and is almost absent at
boundaries between networks (Section |3} Appendix |G).

Decentralized diffusion models divide the data in place of the noise levels (McAllister et al., [2025).
Each expert trains on one cluster of the data in full isolation, the ensemble optimises the same
objective as a single model trained on all the data, and a learned router mixes the experts’ predictions
at every sampling step. A heterogeneous variant trains some experts with the DDPM objective and
others with flow matching, converts their predictions to one parameterisation at sampling, and in
one analysis hands sampling from one kind of expert to the other at a fixed noise level (Jiang et al.,
2026). Their construction shows that the data can be divided; ours shows that the noise levels can.
A division along the noise levels needs no router, since each sampling step is supplied by the one
network that holds its transition. By Lemma [3] switching the sampler from one expert to another
trained on a different forward process still reaches the data distribution when the state arrives with
the marginal the next expert was trained on.

Conditional computation uses a learned router to select interchangeable experts for each input
(Shazeer et al.l [2017). In our model, the noise level determines which network supplies a transi-
tion. Cascaded stages and language-model experts train independently along other axes (Ho et al.,
2022 |Li1 et al., 2022)); the latter are combined by ensembling their outputs or averaging their param-
eters. We compose transition laws in noise-level order, and Theorem@]bounds the effect of replacing
any law.
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B STATEMENTS AND PROOFS

Lemma 2 (The law between two noise levels). Let a > b be two noise levels, r = b/a and 7 =
r(1 —r) a, and condition on y, = y. Given xq the state y, is Gaussian with mean ry + (1 — r) xg
and covariance T1. The law of yy is therefore [ N (ry+ (1 —r) zo, 7I) p(zo | ya = y) dzo, with
meanty + (1 — 1) Elzo | ya = 3}

Proof. Under the forward process 3, = zo + v/be and 3, = 3, + va — be’, with £ and &’ standard
normal and independent of xy. Given z the pair is jointly Gaussian, and conditioning y; on y, = y
gives the mean z¢ + (b/a)(y — x9) = ry + (1 — r) 2o and the covariance b(a — b)/al = 1.
Integrating ¢ against p(xg | yo = y) gives the stated law, and its mean follows by linearity. The
couplings (1) and (2) replace xo by Zx(y), drawing fresh noise for the first and reusing the drawn
noise for the second. These two sampling steps depend on the data only through . O

On the grid of Section 2] the DDPM step (T)) draws fresh noise. Reusing the noise that produced y;,
gives the DDIM step (Song et al.,2021a))

Ykt1 = & + V1 (ye — 2k). 2

Both steps depend on the data only through &, which Tweedie’s formula relates to the score of the
noisy marginal (Robbins| [1956} [Efron| [2011). The step (I) replaces the posterior in Lemma 2] by its
mean: the two share a mean and differ in covariance by (1 — r)? Cov(zg | y, = y), which vanishes
relative to 7 as the transition shortens.

Proposition 1 (One estimator). For the transition law (I)) the expectation of the transition negative
log-likelihood over the forward-process noise equals =" ||xo — &1 (yx)||?/ar up to a constant for
the transition.

Proof. The negative log-likelihood of (1) at a state x4 1 is ||yx+1 — 7 yx — (1 — 1) £x[|?/(27%) plus
a constant for the transition. Under the forward process the drawn state is yx+1 = ryr + (1 —
) Ty + /T € with standard normal ¢, so the quadratic is ||(1 — r)(zo — @) + Tk l|?/(27%)-
The cross term vanishes in expectation and the ¢ term contributes d/2, a constant for the transition.
With 74, = r(1 — r) ay, the coefficient (1 — r)?/(274) reduces to (1 — r)/(2ray), the stated weight.
Minimising the expectation in & therefore gives weighted regression with the clean sample as the
target. O

Lemma 3 (Composition of joint laws). For noise levels a > b, let Ty, be a joint law of (ya, y»)
with marginals m, and my, and let p(- | y,) be its conditional. A sampler that arrives at noise
level a with law m, and applies p reaches noise level b with law my. Consider a sequence of joint
laws Ty a1y -y Dap_1,ap whose adjacent marginals agree. Starting from yoy ~ mg,, a sampler
that applies their conditionals in sequence ends with law m, ,, whatever process produced each I.

Proof. After the transition, the sampler has law [ p(- | y,) mq(dy,). Since p is the conditional
of I', , and m, is its first marginal, this integral equals the second marginal m;. At transition
k + 1, the sampler has the marginal of I'y, 4, , at axy1. By hypothesis, this is the first marginal of
[a)i1 452> SO the next conditional produces the required marginal at the next noise level. Repeating
this argument proves the claim at ap. Nothing in the argument refers to how any I' was produced.

O

Since every forward-process I" has the marginals pgata * N (0, al), the forward process satisfies
the condition. The lemma also allows pairs from any other family of joint laws whose adjacent
marginals agree, under one condition: the sampler must apply the conditional of the joint law the
pairs came from.

Theoremﬂ] (Order invariance). Let K be the set of noise levels, let  be a distribution on K, and
for each k € K let {y, be a loss that depends only on pairs drawn at noise level k. The population
objective over functions f : X x K — Y, L(f) = Exor Bz o) [ € (f (Yrs k)5 20,€) ], is a function
of the unordered family {(k, )} rexk. Its minimisers are the functions whose section at T-almost
every noise level minimises Ly, the same for every m with the same null sets. On a finite K every m
of full support has no null set, and the minimisers are the product set | [, ;c arg min Ly,
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Figure 7: What order invariance separates. Each domino is one transition law between the marginals
at two adjacent noise levels, fitted by its own network (frame colour), and each face is the density of
a mixture of 8 Gaussians smoothed at that level. (a) The objective adds one term per law, computed
from that law’s pairs alone, and gives the same sum in noise order (top) and in a shuffled order
(bottom). (b) A sampler joins the laws where their marginals agree: each interior marginal ends one
law (above) and starts the next (below).

Proof. Since (. depends only on noise level k, we can write £(f) = [, Lx(f(-,k))dn (k). For
a measurable bijection o of K set (o f)(-,k) = f(-,07'k), ¢} = ly-1, and ' = o.m. Then
L'(cof) = [ Lo1i(f(;07 k) d(owm)(k) = L(f), so L is a function of the unordered family.
An ordering, an adjacency, an orientation or a metric on K is changed by some relabelling that leaves
L unchanged, so £ uses none of them. The noise variance aj, belongs to the term ¢; and moves with
it under every relabelling. For the minimisers, L(f) > [, infy Ly (g) dm(k) with equality if and
only if f(-, k) attains the inner infimum for m-almost every k. The values f(-, k) at distinct noise
levels are unconstrained by one another, so the bound is attained by a minimiser at each noise level
separately, and the minimising set consists of the functions that minimise £, at m-almost every k.
This set depends on 7 only through its null sets. On a finite K a distribution of full support has no
null set, so the set is the product [ [, arg min £, and is the same for every such 7. [

Where an order enters (Section[2). Let training descend L£(0) = Egr Li,(fo(-, k))+M(0)+R(0)
for a parameterisation fy, where M collects every loss term that depends on pairs from more than
one noise level and R any regulariser. A training update using pairs drawn at noise level k can
change fo(-,7), j # k, only through a parameter that enters both fy(-, j) and fo(-, k), through M,
or through R. With the parameters disjoint across noise levels, M = 0 and R separable over the
noise levels, the update due to these pairs leaves the predictions at the other noise level unchanged.

Proof. A descent step of size n on L(f) moves the parameters by A6 =
—n( 5O fo(-, k) ViLidr(k) + VoM + VyR), and to first order moves fy(z,j) by
dofo(x,j) AG. The noise level-k term contributes —7 g fo(x, ) (Opfo(+,k)) Vi Ly, and the
operator g fo(x,7) (Do fo(-, k)" = 3, Do, fo(x, ) @ Oy, fo(-, k) is a sum over the coordinates 6;
that enter both noise levels. The pairs drawn at noise level k contribute to Af through this term
and through Vg M when M depends on noise level k. There are no other contributions from these
pairs: R is independent of the training pairs, and every other £+ depends on its own noise level.
When no coordinate enters two noise levels, the sum is empty. Setting M = 0 removes its term.
If R is separable, its gradient with respect to the parameters of noise level j depends on that noise
level alone. The noise level-; term remains. The same computation holds along a gradient flow. [

Definition 1 (Finite transition model). Lef ag > --- > ap be a grid of noise variances and call the
move from noise level ay, to ay11 a transition. A finite transition model carries one law py, for each
of the B transitions, each with parameters of its own. A sample is drawn from yo ~ N(0,aol) by
applying the laws in the order of the noise levels.

Lemma 4 (Disjoint parameters realise the factorisation). Let the transitions be grouped into sets
S1,...,Sw and the parameters carry disjoint blocks 0 = (01,...,60w), one per group, with py,
reading 0., only for k € Sy. Let L(0) = > Ly(0w) with L, = Y, Ly the group’s terms of
Propositionm Then Vg, L = Vg, L, for every w, and a tuple minimises L if and only if each block

minimises its own group’s sum. With one transition per group the minimisers are the per-transition
minimisers of Theorem([I]
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Proof. By Proposition |1} the transition-k term is an expectation over pairs drawn at noise level ay,
of a quantity depending on z, y,, and 2. For k& € S, the estimator £, depends only on 6,,. Thus
Vo, Ly vanishes identically for v # w. Differentiating the sum term by term gives the gradient
identity. A sum of functions of disjoint arguments is minimised exactly when each summand is
minimised in its own argument, which is the second claim. With one transition per group each
summand is one £;, whose minimisers are those of Theoremm

Theorem 2] (Modularity). Let the transitions carry disjoint parameters and let the sampler draw
Yet1 ~ Px(- | yk) for k = 0,...,B — 1 from yg ~ N(0,a0l). A second sampler from the same
prior that replaces p; by ﬁ; for every j in a set J of transitions satisfies

TV (law(yp), law(yp)) < Z]ETV(@-C Lyi), D5C 1 ys)),
jeJ

where the expectation is taken under the marginal at transition j of the chain with all replacements
before j already applied.

Proof. Order J as j; < --- < jn,,. Let H; be the chain with the transitions ji, ..., j; replaced. Then
Hj is the first sampler and H,,, the second. Consecutive chains H;_; and H; differ only in the kernel
at transition j;. They start from the same prior and apply the same kernels before this transition. The
state y;, therefore has the same law p under both chains. The law of y;, 1 is pp;, under H;_; and
pp;, under H;. By convexity of total variation, TV (upj,, up},) < By TV(55,(- | ), 05, | 9))-
The transitions after j; apply the same kernels to both chains. Applying a common kernel cannot
increase total variation, so the triangle inequality over ¢ = 1,...,m gives the bound. Here p is the
marginal at transition j; of H;_1, the chain in which all earlier replacements have been applied. [

Grouping and retraining (Section 2). In a finite transition model, every grouping of the transitions
trained independently has the same minimisers, and at those minimisers the laws, applied in the
grid’s order, compose to the same model, whether a group holds a contiguous range or every K-th
transition. Retraining one transition changes only that transition law. The change in the sample
distribution is bounded by the expected total variation distance between the original and retrained
laws, as in Theorem|[2]

Proof. For a grouping of transitions into blocks, each block is trained by gradient descent on the
sum of its own loss terms. By Lemma (4| with one transition per block the minimisers of that sum
are the per-transition minimisers, so every grouping has the same minimising laws. The sampler
applies the laws in the order of the noise levels and its output is a function of the laws only, so the
composed model at the minimisers is the same for every grouping, whether or not the transitions of
a block adjoin. Retraining transition j updates only §; to reduce £;(6;), since the parameter blocks
are disjoint. Every other transition law therefore remains unchanged. Theorem[2]with J = {j} then
bounds the change in the output distribution. O

Corollary [2| (Error of the composed model). With J every transition, ﬁ; the transition laws p;
of the forward process and the prior p,,, Theorem 2| gives TV (law(yg), pdata * N (0,apl)) <
TV(N(0,a01), pay) + > p ETV(Pr, pr), whose sum vanishes with exact laws at every transition
count and whose first term vanishes as ag grows.

Proof. The chain of the true transition laws from p,,, composes by the Chapman—Kolmogorov equa-
tion to pgata * N (0, apl). The two samplers differ in the prior as well as in every transition, and the
prior adds one term by the argument of Theorem [2]at transition 0, since a common kernel does not
increase total variation. With exact laws every term of the sum is zero. O

Corollary [I) (Relabelling). Let s be a bijection of the noise levels, and let a model read noise level
k through the noise-level embedding cy ) in place of cy. As a function of what the model assigns to
each noise level, the objective of Theorem[I|and its set of minimisers are unchanged. A model class
that can assign any function to any embedding reaches the same minimum under every s.
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Proof. Write h(-,k) = f(-, csx)) for the prediction function at noise level & after relabelling. The
objective of Theorem [1]is Exr L (h(-, k)). It depends on h alone, so its minimisers over / form
the same product set for every s. Since s is a bijection, a class that represents every assignment k —
h(-, k) through the embeddings cy, also represents every assignment through c,(;y. The minimum
over the class is therefore the same for every s. O

Lemmaﬂ] (Embedding conflict). Let the noise-level embeddings c1, . . ., cp lie on a line, consec-
utive embeddings 6 apart, and let noise level s(i) be read through c;. Let Fy, denote the posterior
mean of noise level k in the model’s output space, and let f be (-Lipschitz in its embedding in L* (1)

for an input distribution pi. With d; = || Fyi41) — Feeyll 22y and e, = || f (- co—1(1)) — Frlln2 ()

B-1

1
zk:ek > 5> (di — €8)2

i=1

Proof. All norms are in L?(y). For consecutive positions i and i + 1 the triangle inequality gives
di < || Foipry — FCocir) | FI1FCcivr) = fF el +1FGhei) = Foyll < sy + €0 + e

Hence e,y + €5(i+1) = (di — £6)4, and 62( ) + ei(lﬂ) > 1(esqiy + eS(Hl))Q > 1( L)
Summing over i = 1,..., B — 1 counts each €7 at most twice, 502", €7 > 3>, (d; — €5)%. O

C THE MIXTURE OF GAUSSIAN EXPERIMENTS

The data are zg = p. + 7 in 64 dimensions, with ¢ uniform on 64 components. We draw the means
once in a random 16-dimensional subspace and transform them there to have covariance diag(\)
over the components. The first 10 entries of A are the top 10 eigenvalues of the CIFAR-10 training-
pixel covariance on the [—1, 1] scale, from 221.45 down to 10.95. The last 6 are 10, 9, 8, 7, 6 and
5. The noise 7 is Gaussian with covariance V diag(s) V' T, where V is orthonormal and its first 16
columns span the means. The entries of s are 1 along the 16 directions of the means. Along the
other 48 they are the eigenvalues of ranks 17 to 3072 of the same CIFAR-10 covariance, averaged
over 48 consecutive blocks of 63 or 64 ranks, from 1.99 down to 9.6 x 10~6.

We write every vector in the coordinates of V. For y = ¢ + +/a € the posterior over the components
has weights w.(y) oc exp{>_,(vittei — 11%/2)/(si + a)}. Given ¢, xo is Gaussian with mean
Gy + (I — G) p. and covariance S, where G = diag(s;/(s; + a)) and S = diag(s;a/(s; + a)).
The posterior mean is therefore Z(y) = Gy + (I — G) Y. we(y) pe. The posterior covariance is
S+ (I - G)B, (I —G), with B,, the covariance of the means under the weights. The law of a
transition from a to b is the mixture, with weights w.(y), of the Gaussians with means ry + (1 —
r)(Gy + (I — G) p.) and covariance 71 + (1 — r)%8S.

The grid contains 128 transitions, spaced geometrically in o from 80 to 0.002. We estimate energy
distance with a U-statistic on 4k samples from each side, drawn from the sampler’s 5k outputs and
from 20k data draws at ¢ = 0.002. Two independent draws from the data distribution give an
estimated energy distance within 0.01 of zero.

In Sections 4] and [3] each network fits Z on its assigned transitions using the preconditioning of
Karras et al.| (2022), with 03, equal to the data variance per coordinate. The regression target is
(20 — cskip ¥)/ Cout- Each network is a multilayer perceptron with 3 hidden layers of the listed width
and SiLU activations. Its input combines ¢;, y with the sines and cosines of log o at 8 frequencies
spaced geometrically from 0.25 to 8. Each network is trained with Adam for 80k steps at a batch
size of 1024, using fresh pairs whose transitions are sampled uniformly from those assigned to the
network. The one-cycle learning rate peaks at 2 x 1073, We evaluate excess error at each transition
on 2k fresh pairs, measuring E||(Z5; — 2)/cout||? per coordinate.

The composed sampler takes 128 steps, using the posterior mean from the network assigned to each
transition. It starts from the marginal of its training pairs at ¢ = 80 and is evaluated on Sk samples.
We report means over 3 seeds.

We compare these errors with three references. The closed-form linear denoiser is the posterior
mean under a Gaussian with the data’s mean and covariance; it has excess error 5.7 (x100) and
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Table 7: The mixture of Gaussian experiments. Energy distance of the composed 128-step sampler
to the data under the DDPM step: 16 separate networks of width 128, and the same with one network
retrained at a fresh seed, mean =+ standard deviation over 3 sampling seeds.

Composed model energy distance

16 separate networks 0.067 +0.009
16 separate networks, 1 retrained ~ 0.065 = 0.009

Table 8: CIFAR-10, one network of width 32 trained for 60k steps. Checkmarks identify the noise-
level embedding variants and the second training run. ‘Per transition’ means one embedding value
per transition. FID uses 50k samples; held-out denoising loss is averaged over 128 transitions.

per transition  reversed shuffled learned second training FID  loss per transition
X X X X X 9.46 0.4643
v X X X 9.11 0.4640
v X X X v 9.28 0.4642
v v X X X 9.57 0.4633
v v X X v 9.26 0.4638
v X v X X 9.25 0.4761
v X X v X 9.16 0.4654

its sampler has energy distance 0.13. One network of width 512 has excess error 0.54 and energy
distance 0.03. Using the exact posterior mean at every transition gives energy distance 0.010 under
DDPM and 0.007 under DDIM, at the level of two independent draws from the data distribution.

At a fixed total parameter count, the separate networks of Figure [2b have widths 112, 239 and 494
for K = 4 and 44, 104 and 230 for K = 16, between 0.2% and 1.4% fewer parameters than the one
network.

To test replacement in the setting of Theorem [2| we retrain 1 of 16 separate networks of width 128
with a fresh seed, leaving the other 15 networks unchanged. The energy distance of the composed
sampler changes by a small fraction of its variation across sampling seeds (Table[7).

For Section[] a single network of the architecture described above fits all 128 transitions. At transi-
tion k, we replace the scalar log o supplied to its sinusoidal noise-level embedding with the value at
transition s(k). The assignment s either preserves the noise-level order, reverses it, shuffles within
consecutive windows of w transitions, or shuffles the full grid. For the learned embedding, each
transition has its own 16 trainable entries, initialised at random. We also train a network without
an embedding. All conditions keep the true noise level in the preconditioning, and conditions with
the same seed share their initialisation and training pairs. We measure variation along the order of
the embeddings by >, d?, computing d; exactly on the pooled preconditioned inputs from every
transition. The grid of 32 transitions spans the same o range. Results are means over 5 seeds.

For the embedding comparison, we keep the networks, grid and training fixed and change only the
noise-level embedding (Table[6)). The learned embedding uses a trainable 16-dimensional vector per
transition, while the random embedding uses a vector fixed at initialisation. At each seed the three
embeddings share their network initialisation and training pairs.

The CIFAR-10 comparison in Table [§] changes only the noise-level embeddings supplied to the
network. The training pairs, their transition assignments, the input and output scalings, and the loss
weight all retain the true noise level.

We repeat the comparison between ordered and shuffled noise-level embeddings at widths 64 and
128 (Table . At widths 64 and 128, 85% and 86% of the increase in loss occur in the noisiest
quarter of the transitions, where loss is 5.1% higher.

D PRroOTOCOLS

Every CIFAR-10 network is the U-Net of [Karras et al.|(2022)) in its DDPM++ configuration (channel
multipliers 2, 2, 2, 4 blocks per resolution, attention at 16 x 16, dropout 0.1), conditioned on the
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Table 9: CIFAR-10 at 14M, FID over 50k samples on one evaluator, of the four separate networks
of Table d under each set of boundaries.

Boundaries FID
equal split 7.11
own posterior mean 7.50

other data set’s posterior mean  7.09

class label, with the width of each table as its base channel count. It trains for 60k steps at a batch
size of 512 with Adam at learning rate 10~2, ramped up linearly over the first 10M images, and we
evaluate the exponential moving average of its weights with a half-life of 500k images. The noise
level is drawn from the log-normal distribution of |Karras et al.|(2022)) over the network’s own levels,
and the preconditioning and loss weight are theirs. Every CIFAR-10 evaluation takes one stochastic
step per transition, 128 unless a table states otherwise, starting from o = 80, and draws 5k samples
per class. Random horizontal flips are the only augmentation.

On ImageNet-256, every model trains for 400k steps with a batch size of 256 on sd-vae-ft-ema
latents, with random horizontal flips. Each evaluation takes 249 stochastic steps starting from tran-
sition 1. For the model with 4 separate networks, the networks’ assigned ranges have boundaries at
transitions 1, 63, 125, 187 and 250. Labels and noise are drawn on the CPU by sample index. We
use no guidance and evaluate 50k samples against the ADM reference batch.

The boundaries of Table fi] come from the movement of the exact posterior mean. For transition
k, we draw inputs y = xg + o at its noisier level, compute the exact posterior means at o and
ok+1 in the model’s output space under the preconditioning of [Karras et al.| (2022), and take the
root mean square difference per coordinate. The mixture uses 4,000 draws per transition. CIFAR-
10 uses 2,048, and its posterior is exact for the empirical measure of the 50,000 training images,
without the class label. The distances of Table [I4]and the variation in the caption of Table [3|use the
class-conditional posterior means, which the class-conditional networks fit. Range ¢ ends where the
cumulative movement first reaches (i + 1)/4 of the total. The mixture’s ranges hold 31, 19, 24 and
54 transitions from the noisiest, and CIFAR-10’s hold 47, 28, 26 and 27. On CIFAR-10, the range
edges in o lie at the geometric midpoints between consecutive levels. Table [J] gives the FID of the
composed CIFAR-10 models.

E RETRAINING AND REPLACING NETWORKS

Once the ranges share no parameters, the transition law is the only interface between the networks,
and replacing a network changes only the transition laws it supplies. The following bound relates
those changes to the output distribution.

Theorem 2 (Modularity). Let the transitions carry disjoint parameters and let the sampler draw
Yrt1 ~ k(- | yg) for k = 0,...,B — 1 from yg ~ N(0,a0l). A second sampler from the same
prior that replaces p; by ]5; for every j in a set J of transitions satisfies

TV (law(ys), law(yp)) < Y ETV(;(- |y;), 95(- [ ),
JjeJ

where the expectation is taken under the marginal at transition j of the chain with all replacements
before j already applied.

Replacing every fitted law by its forward-process law gives the following bound.

Corollary 2 (Error of the composed model). With J every transition, ]3;- the transition laws p;
of the forward process and the prior p,,, Theorem [2| gives TV (law(yg), Pdata * N (0,ap1)) <
TV(N(0,a0l),pay) + ) ETV (P, pr), whose sum vanishes with exact laws at every transition
count and whose first term vanishes as ag grows.

On CIFAR-10, we retrain one of the 16 separate networks with a fresh seed and compose it with

the other 15 to test independent replacement. The composed sampler’s FID changes by only a few
hundredths (Table [T0).
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Table 10: CIFAR-10, FID over 50k samples on one evaluator, for composed models whose networks
are retrained or replaced. The 4 architectures are a transformer and 3 U-Nets, trained on different
machines, in place of 4 U-Nets of width 64.

Composed model FID
16 separate networks of width 32 7.81
the same, one network retrained with a fresh seed  7.79
4 separate networks of width 64 4.65
4 separate networks of 4 architectures 5.43

Table 11: CIFAR-10 FID over 50k samples on one evaluator. The upper block varies the width of
a single network. In the lower block, one network fits each half of the noise grid. The 64:40 and
40:64 allocations exchange the wider network between the noisier and cleaner halves at the same
total parameter count. The 64:64 model has a larger total parameter count. Widths are listed as
noisier half:cleaner half.

1 network, width 24 32 40 64
FID 1269 945 749 4.68
Network widths, noisier half: cleaner half  64:40 40:64

FID 5.07 4.95

Same width for both networks 64:64

FID 4.23

We test whether the transition laws suffice as the interface across architectures by training a trans-
former and 3 U-Nets as 4 separate networks on different machines, then composing their laws. The
resulting FID is within 1 point of that of 4 separate networks with the same architecture (Table [T0).
Almost all of the excess held-out denoising loss is confined to the transformer’s transitions, with
little excess at the boundaries between architectures (Table [13).

F ABLATIONS ON THE PARTITION

A shared network uses the same width at every noise level, and increasing that width lowers FID

(Table[TT).

Separate networks allow different network widths at different noise levels. We divide the noise grid
into two halves and train one network on each half, using a network of width 64 for the noisier half
and a network of width 40 for the cleaner half. We repeat the experiment with the widths exchanged.
This comparison keeps the total parameter count fixed and tests which half benefits more from the
wider network. Assigning the wider network to the cleaner half lowers FID from 5.07 to 4.95.
When both networks have width 64, the total parameter count increases and FID falls further, to
4.23 (Table[TT).

G ADJACENCY

Dividing the transitions among networks can narrow each network, create boundaries and remove
parameter sharing across ranges. These changes have different signatures across the noise grid.

If the gap came from the boundaries between networks, the loss would rise near them, and the
increase would grow with the number of separate networks.

Interference through shared parameters predicts a different change: separating the noise levels
should reduce the loss within each network’s range. Theorem [T makes the unrestricted local fitting
problems independent; the measurements below test whether finite networks incur any boundary
cost once width is accounted for.

Dividing contiguous ranges among separate networks also narrows the noise range each network
must fit. On the mixture experiments, we control for this by distributing successive transitions
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Table 12: CIFAR-10, held-out denoising loss for 4 and 16 separate networks of width 32, averaged
over the listed groups of transitions. We use the training loss weight and 10k held-out pairs per
transition with fixed noise. The boundaries of the 4 separate networks are also boundaries of the 16.
The last column counts the transitions at which the 16 separate networks have lower loss.

Transitions count 4 separate networks 16 separate networks 16 lower on
all 128 0.4530 0.4439 100
interior to both 98 0.5431 0.5313 83
boundary of the 16 only 24 0.1643 0.1643 13
boundary of both 6 0.1348 0.1340 4

Table 13: CIFAR-10, 4 separate networks with different architectures compared with 4 width-64
networks at the same total parameter count. Excess is the increase in held-out denoising loss for the
mixed-architecture model relative to the width-64 model, averaged over each network’s transitions.
Share is each network’s contribution to the excess summed over all 128 transitions. Transitions
are numbered from the noisiest. The last row averages the 6 transitions beside boundaries between
networks, which are also included in the network rows. Both compositions use the same width-64
network.

Network parameters transitions  excess share
SiT, depth 12, width 256 14.5M 78-127 +3.9% 97.8%
U-Net, width 96, 1 block per resolution 14.0M 68-77 +1.3% 1.7%
U-Net, width 32, 6 blocks per resolution 14.1M 58-67 +0.5% 0.5%
U-Net, width 64 14.0M 0-57 0.0% 0.0%
6 transitions beside a boundary +0.7%  0.6%

among the K separate networks in turn. Each network receives every K -th transition and spans the
full noise range. For 4 separate networks their error then matches that of a single network of the
same width to within 2% at widths 256 and 512 (Figure ). This control separates the effect of
independent training from that of a shorter range, which lowers the error at the same width.

For CIFAR-10, we compare held-out denoising loss for 4 separate networks of width 64 and 16
separate networks of width 32. Relative to a single network of the same width, the loss beside a
boundary is slightly higher for 4 separate networks and slightly lower for 16 (Table[2). Away from
the boundaries the loss is lower by a few per cent, several times the boundary differences. Both
boundary differences are nevertheless larger than the difference between two training runs of one
network, so they are resolved. The reduction in interior loss has the sign predicted by interference
through shared parameters.

The 16 separate networks of width 32 fit the held-out transitions better than the 4 separate networks
inside the ranges and no worse at their boundaries (Table @ At widths 16 and 32, the model with
16 separate networks has FID 0.5 to 0.7 higher than the model with 4 (Table[I)), the same size as the
spread over 3 training runs of one network at width 32 (FID 9.42, 9.45 and 9.96).

At both 14M and 56M, a separate network’s loss relative to a single network of the same width
is highest at the end of its range nearest transition 78, where the last range starts (Figure [6). For
the ranges covering transitions 0 to 57, 58 to 67 and 68 to 77, relative loss rises toward the clean
end: the increase from the first quarter to the last is 0.4 to 1.7 points at S6M. The range covering
transitions 78 to 127 has its highest relative loss at the noisy end, with —1.0% in its first quarter and
—6.4% in its last. The mixture experiments show the same pattern around the peak of the single
network’s error, near transition 35 (Figure[Tk). There, every range has its highest relative error at the
end nearest that peak, and 3 of the 4 ranges lie on its clean side (Figure 2f).

H WHERE A FULL SHUFFLE RAISES THE ERROR

Table[E] gives, level by level, where a full shuffle raises the error. Across noise levels, the rise corre-
lates with the ordered network’s error on the mixture at every width and on CIFAR-10. On CIFAR-10
it also correlates with how much the inputs of a level overlap those of its ordered neighbours, which
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Table 14: Where a full shuffle raises the error, level by level. Spearman correlation across the noise
levels between the rise and, at each level: the distances of LemmaE]to the levels whose embeddings
sit next to its own after the shuffle, minus those to its ordered neighbours; the error of the ordered
network; and the overlap of its inputs with those of its ordered neighbours. The last column gives the
largest share of the rise in one quarter of the grid, with quarters counted from the noisiest. Mixture:
excess error, means over 5 seeds. CIFAR-10: held-out denoising loss of one network of width 32.

Data width  distances ordered error  input overlap share of the rise
mixture 256 —0.02 0.35 —0.25 0.37, second quarter
mixture 512 —0.20 0.70 -0.17 0.49, second quarter
mixture 1024 —-0.13 0.69 —0.08 0.65, second quarter
CIFAR-10 32 0.00 0.83 0.65 0.72, first quarter

Table 15: Mixture, one network over 128 transitions with the scalar embedding of log ¢ in noise-
level order or spaced so that each step covers an equal share of the distances of Lemma |l| between
consecutive posterior means, over the same range. Mean excess error per transition, x 100, over 5
seeds; the number of seeds at which the spaced embedding has the lower error; and the change of
the spaced embedding’s error in each quarter of the grid, from the noisiest.

Width  ordered spaced lower on change by quarter

256 1.72 1.78 1of5 -0.1% —-1.0% -1.0% +169.5%
512 0.56 0.61 0of5 -3.7% —-3.6% —12.1% +650.5%
1024 0.37 0.34 40of5 —-21.5% —154% —442% +186.9%

measures how little the noisy input says about its own noise level. The rise has near-zero or negative
correlation with the change in the distances of Lemma([T|on both data sets and with input overlap on
the mixture.

We also space a scalar embedding of log o by the distances of LemmalI|(Table[I3)). The scalar code
keeps the range of log o, and each step covers an equal share of the distance between consecutive
posterior means. The code stretches the cleanest quarter of the grid, where the distances on the
pooled inputs are largest, and compresses the rest. The error rises in the stretched quarter and falls
elsewhere. On average it rises at widths 256 and 512 and falls at width 1024.
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